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Abstract 
A form (linear functional) u is called regular if there exists a sequence of polynomials {P,,},~>0, degP,,=n which is 
orthogonal with respect o u. Such a form is said to be semi-classical, if there exist polynomials ¢b and tp such that 
D(ebu) + 7~u = 0, where D designs the derivative operator. 
On certain regularity conditions, the product of a semi-classical form by a polynomial, gives a semi-classical form. In 
this paper, we consider the inverse problem: given a semi-classical form v, find all regular forms u which satisfy the 
relation x2u =-Zv,  2 E C*. We give the structure relation (differential-recurrence relation) of the orthogonal polynomial 
sequence relatively to u. An example is treated with a nonsymmetric form v. @ 1997 Elsevier Science B.V. All rights 
reserved. 
Kcwvords: Inverse problem; Forms; Tchebychev polynomials; Orthogonal polynomials; Integral representations; Differen- 
tial equations 
AMS classification: 33C45; 42C05 
1. Introduction and preliminary results 
The product of a linear form by a polynomial, is one of the construction processes of linear forms. 
In 1858, Christoffel has proved that the product of a positive-definite form by a positive polynomial, 
gives a positive-definite form [6]. This result has been generalized in [8]. It was proved that, on 
certain regularity conditions, the product of a regular form u by a polynomial R, gives a regular 
form (see below). In particular, if u is a semi-classical form [10, 11, 17] (resp. a second degree 
form [14]), then the form Ru, if it is regular, is also semi-classical (resp. of the second degree). 
It is then interesting to consider the inverse problem, which consists to determine all regular forms 
u, satisfying Ru =-2v ,  where v is a given regular form and 2 c C*. In [16], the second author has 
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considered the case R(x)=x 2. He gave the regularity conditions and the coefficients of the second- 
order recurrence relation satisfied by the orthogonal polynomial sequence (OPS) with respect o u. 
More recently, in [1], one gives the structure relation of the OPS relative to u, in the symmetric 
case (i.e. 1) is a symmetric form [5]). 
In this paper, we consider the same problem in the nonsymmetric case (i.e. v is not symmetric). 
Section 1 is devoted to the preliminary results and notations used in the sequel. In Section 2, we 
give the structure relation of the OPS relative to the form u. In Section 3, we give a detailed study 
of an example. Finally, in Section 4, we give the second-order differential equation for simple cases 
of the example. 
Let us note that a linear form u is called regular if there exists a polynomial sequence {P,},~>0, 
degP, =n,  such that (u, PnPm) =khan,m, n,m ~ O, k, # O, n >I O, and the product of a linear form by 
a polynomial is defined by {fu, p) :-- (u, fp) for each polynomial p. 
We consider the following problem: given a regular form v, find all regular forms u which satisfy 
the following equation: 
X2U -~- --21), • C C*, ( 1.1 ) 
with constraints (u)0 = l,(v)0 = 1, where (u), := (u,x'), n >7 O, are the moments of u. 
Equivalently, we have 
u = 6 - (u)1D6 - J . x -2v ,  (1.2) 
where (6 , f )=f (O) ,  for a form w, w'=Dw is the derivative: (w', f )  := -(w, f ' )  and (x- 'v , f ) := 
(v, 0of) with (Ocf)(x) := ( f (x)  - f (c))/(x - c). 
So, form u depends on the two arbitrary parameters (u)l and 2=- (u)2 .  
If we suppose that form v possesses the following integral representation: 
(v,f)  = V(x)f(x)dx for each polynomial f ,  (1.3) 
OG 
where V is a locally integrable function with rapid decay, then form u is represented by [1] 
(u , f )=  f(O) l + 2Pf ~ x2 dx 
{ [+~V(x) } .f~V(x) +f' (O)  (u)l + 2P dx - 2Pf - - f (x )dx ,  
a -c~ X oe X 2 
(1.4) 
where 
f ~ v(x) P dx = lim oc X e---'O + ( f~  V(x) x f +~ V(x) ) - -  dx  + dx X 
and 
f +~ V(x) Pf  x2 dx= lim - -0o  E--*O+ ( /~  V(x) x 2 / 
+o~ g(x) 
- -  dx  + X2 
+~ 
2) 
- - d x - - V ( O )  . 
C 
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Let us denote by {Sn}n~>0 the OPS relative to v. It satisfies 
So(x)  = 1, S l (x )=x -- ~o, 
S,+2(x)  = (x - (n+l )S ,+l (x )  -- 6n+IS,(x) ,  n >~ O. (1.5) 
Form u is regular if and only if [ 16] 
A,, : :  (u ,S ,+, ) (u ,  xSn(x) )  - (u, Sn) (u ,xSn+I(x) )  ¢ O, n ~ O. (1.6) 
When u is regular, let {Z,}n~>0 be its corresponding OPS. It satisfies 
Zo(x)  = 1, Z l (x )  =x  - flo, (1.7) 
Zn+2(X ) = (x -- ~n+l)Zn+l(X) -- ~n+lZn(x), El ~ O. 
From (I.1), sequence {Zn}n>~o, when it exists, is quasi-orthogonal of order two with respect to v [7, 
13]: 
Zo(x)  = 1, Zl (x )=S l (x )  - bo, 
Zn+2(x) = Sn+2(x) + bn+lS,+l(x)  + a ,S , (x ) ,  
where [ 1 ] 
bo = (o - (u)l, 
n~>0. 
(1.8) 
(1.9) 
with 
and 
1 
bn+ l = z ( (u ,  Sn)(u,xSn+2(x)) - - (u,  Sn+2)(u, xSn(x))), n >/ 0 
-(1) 
( (u ) ,Sn(0)  - ;~sL~(O) l ( (u l ,Sn+~(o)  - ;~s~I~(o)) 
z ~n+l -- 
An 
S~J~(x)= v, - n />0 n x 
n~>0. 
An+l 
a , , -  , n >~ O. 
An 
[~n+l = (n-+-I + bn -- bn+l, n /> 0 
We have [15] 
/~o = (u ) , ,  
and 
~'1 =-Ao ,  ~'2 = )~,  7n+3 = a,+la, bn+l, 
When form u is regular, we can write [15] 
An ~ ((U)lSv(O) -- As~lyI(O)) 2
- + ' o .  
v=O 
n~>0 (1.10) 
(1.11) 
( ! .12)  
(1.13) 
(1.14) 
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In the sequel, form v will be assumed semi-classical of class g and satisfying 
D(~v) + ~v=0 (1.15) 
with Y--max(deg ~-  2,deg T -  1) [13, Definition 3.1]. Note that regular forms which satisfy a 
differential equation of the form (1.15), where ~ and T are polynomials, are called semi-classical 
forms [ 10]. 
It is clear that form u, when it is regular, is also semi-classical and satisfies 
D(~u) + Tu=0 (1.16) 
with 
qb(x) = x2~(x), ~(x) = x2 ~(x). (1.17) 
Class s of u is at most g + 2. 
Notice that the class of u is s=g+ 2, if and only if, the following condition is satisfied [13]: 
H( I  7J(c) + qb'(c)] + I(u, Oe7 j + 02qb)l) > 0, (1.18) 
C 
where c E 0,  with 69 = {c, q~(c) = 0}. 
Proposition 1.1. The class of  u depends only on the zero x = O. 
For the proof we use the following lemma: 
Lemma 1.2. For all root c of  ~ we have 
(u,O V + =(¢ + + - + 
and 
(1.19) 
7J(c) ÷ q~'(c)= e2(~g(c) ÷ ~b'(c)). (1.20) 
Proof. Let c be a root of ~, then we can write 
q~(x) =xZ(x - e)~c(x) with ~c(x) = (Oc~)(x). (1.21) 
So, from (1.17) and (1.21) we have 
(lg, Octt I --~ 02 ~)} = (U, Oc( ~2 ~)  ) -~- (bl, Oc( ~2 ~c ) ). (1.22) 
Using the definition of operator Oc, it is easy to see that, for two polynomials f and g, we have 
Oc(f g)(x) = g(x)(Ocf)(x) + f(c)(O~g)(x). (1.23) 
Taking g(x)=x 2 and f (x )= ~c(x), we obtain 
(u, Oe(~2~c)) = (u, x2(O~c)(X) + ~(e)(Oc~2)(x)) 
= (bl,x2(O2~)(X)) ~- ((//)1 ~- C)~)'(C), 
because (Oe~)(x) = (O~(O~))(x) = (O2~)(x), ~c(c) = (O~)(e) = ~'(e) and (O~2)(x) =x + e. 
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Using (1.2), we obtain 
(u, 0c(¢2~c)) = {6,x2(O~)(x)) - (u), {Da, xZ(O2c~)(x)) - 2(x-2v, xZ(O2~)(x)) + ((u), + c)~'(c), 
hence 
{u, 0c(~2~)) = ((u), + e)~'(e) - 2(v, 0~) .  (1.24) 
Now, we take 9(x)=x 2 and f (x )= ~(x) in (1.23) and obtain 
(u, o~(~q,)) = (u,x~(Ocq,)(x)) + q,(c)(O~)(x)) 
= <u,x2(Ocq')(x)) + ((U)l + c)q'(c). 
Using (1.2), we have 
(u, 0~(~ 2 ~)) = (6,x2(0, ~)(x)) - (u), (D6,x2(Oc ~)(x)> 
--;~(X--2V, x2(Oc ~I)(X)) "q- ((U)I q- C)~A(C). 
Then 
(u, 0~(~ 2 ~')) = ((u), + c)~'(c) - )o(v, Oc ~). (1.25) 
Substituting (1.24) and (1.25) in (1.22), we obtain (1.19). From (1.17), we have cb'(c)=c2~'(c) 
and ~(c)=c2~(c) ,  hence (1.20). [] 
Proof of Proposition 1.1. Let c be a root of ~ such that c # 0. If ~(c )+~' (c ) f f0 ,  using (1.19) 
we have (u, Oc~ + 02C~) ~ O, because, according to (1.18), we have (v, OctP + 02q~) # O. Then we 
cannot simplify by x - c. If ~(c) + ~'(c) ~ O, from (1.20) we have ~U(c) + qY(c) # O. [] 
The transformation (1.1) conserves the semi-classical and second degree properties. Indeed, we 
have the following result: 
Proposition 1.3. I f  v is semi-classical and satisfies 
@z)S'(v)(z) = ~o(z)S(v)(z) + L)o(z), 
then u is also semi-classical and satisfies 
Ao(z)S'(u)(z) = Co(z)S(u)(z) + Do(z), 
with 
Ao(z) = z2~(z ) ,  
Co(z) = -2z~(z )  + z2C0(z), 
Do(z) = -~(z)  + (z + (u),)C0(z) - M)o(Z).  
(1.26) 
(1.27) 
(1.28) 
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I f  v is a second degree form and satisfies 
B(z)SZ(v)(z) + C(z)S(v)(z) +/)(z)  = 0, (1.29) 
then u is also a second degree form and satisfies 
~(z )S~(u)(z ) + C(z )S(u )(z ) + D(z ) = 0 (1.30) 
with 
g(z) = z4~(z), 
C(z) = 2z2(z + (u h )k(z ) - ;~z2 C(z ), (1.31) 
D(z) = (z + (u),)2/~(z) - ;~(z + (u)~)~(z) + ;~2/5(z). 
S(v) designs the formal Stieltjes function of form v defined by 
(v)° 
S(v)(z):= - ~ z"+" 
n>~O 
Note that regular forms which satisfy an equation of the form (1.26), where ~, C0 and /30, are 
polynomials (resp. of the form (1.29) where B, C and/),  are polynomials), are called semi-classical 
forms [10] (resp. second-degree forms [14]). 
Proof. We have [12] 
( 1 ~2u) (z) S(v)(z) = s \ -~  
= _ 1 {z2S(u)(z) + (uOo(f))(z)} 
2 
_ 1 {z2S(u)(z) + (z + (u)l)}. (1.32) 
2 
By substituting (1.32) into (1.26), (resp. (1.32) into (1.29)) we easily find (1.27) and (1.28), (resp. 
(1.30) and (1.31)). [] 
2. The structure relation [2] 
Note that the OPS relative to a semi-classical form possesses a structure relation [12]. Then, if 
we consider that form v is semi-classical, its OPS {S~}n~>0 fulfils the following structure relation: 
~(x)S'n+l(X)-= ½(Cn+l(x) - Co(x))S,+,(x)- 6,+,£),+~(x)S,(x), n >~ 0 (2.1) 
with 
B,+I(x) ---- 6,+fl),(x); C,+,(x) = -C , (x )  + 2(x - ~,)E),(x), 
n >~ 0, (2.2) 
6°+~b.+~(x) = -~(x)  + ~.(x)  - (x - ~.)~.(x)  + (x - ~.)2b.(x), 
where C0(x) and/)0(x) are given by (1.26) and/~0(x) =0. 
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According to Proposition 1.3, form u is also semi-classical nd its OPS {Z,}n~>0 satisfied a structure 
relation. In [1], the structure relation of {Zn},>~0 is given here. 
In this section, we give the structure relation, when v is a nonsymmetric form. In general, {Z,}n~>0 
fulfils 
with 
@(x)Z~+l(x) =- ½(Cn+l(X) -- Co(x))Z.+I(x) - ~/n+lD,,+l(X)Zn(x). n ~ 0 (2.3) 
and 
(~n+l __ l} On+2(x) Dn+2(x) =-(X -- ~n-_l)2On+l(X) Jr- Can - ~n+I)L)n(X) -- (~n+2 \ an 
+bn+,(6-~a~(b.+,D, ,+,(x)+C.+2(x))+Cn+,(x)) .  n ~>~+ 1. (2.6) 
C~+l(x) and D,+l(x), 0 ~< n ~< ~+ 1, are given by (2.4) and £ is the class o/v.  
To prove the above proposition, we need the following lemmas: 
Lemma 2.2 (Maroni [15]). Let {Pn},~0 be orthogonal with respect to u and {Q~}n~>0 be orthogonal 
with respect to v. I f  there exist two polynomials q) and B, respectively, with degrees t and s such 
that 
~(x)u = B(x)v. (2.7) 
Bn+,(x) = 7.+,D.(x); C.+,(x) = -C . (x )  + 2(x - fl.)Dntx). 
n >/0, (2.4) 
.'.+lDn+, (x) = -tb(x)  + B.(x ) - (x - fl. )Cn(x ) + (x - fl. f D.(x ). 
Co(x). Do(x) are given by (l .28) and Bo(x)= 0. 
We give the expression of C,, and D,. n ~> 0 with the elements of sequence {Sn}.~o. We obtain 
the following result: 
Proposition 2.1. The sequence {Z.}.>~o satisfies the structure relation (2.3) with 
C.+2(x) = (x 2 - (~.+l - b.+, )2)C.+,(x) + 2(x + ~.+, - bn+l )(an - &.+l )D.(x) 
+2(~.+1 - bn+l)~(x) q- (~.+1 - bn+l )2(o(X) 
an ~) an 
~-{(1-~.__l/(Cn+2(x)-Co(x))Jf-21~n+l(x-@n+l,-J-bn+l)~)n+l(X) I 
× %+1 an bn÷l + 6n+2-an+l , n~>, f+ l  (2.5) 
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then we have 
n+t 
• (x )Q. (x )= ~ 2..,,P,,(x), n >1 s, 
T'~n --s 
"+~'  (u, Pb B(x)Pm(x)= ~ )o,,,~(v, O2-----yO,,(x), 
v=m--g 
m >~t. 
(2.8) 
Lemma 2.3. We have 
x2gn(X) = 2n, n+2Zn+2(x) ~- ;~n,n+lZn+l(X) -Jr- 2n, nZn(x), 
with 
and 
40.0=-2, 2o, l=- "bo ,  21,1=--2-- 
71 71 
n >~O 
6n+l 6n+2~,+1 
2n,n+2=l ,  2n+l,n+2 = bn+l, 2n+2,n+2- - - -  
an a. 
, n~>0.  
Proof. We take q~(x)=x 2 and B(x)=-2  in (2.7), then we obtain 
xZS.(x) = 2.,.+2Z.+e(X) + 2.,.+lZ.+l(x) + 2.,.Z.(x), n >~ O, 
and 
2Zo(x) = 2o, oSo(x), -2Z,(x)  71 - = ;,,~ v-S,(x) + 2o,17~So(x), 
ol 
U 2 2 ( , Zn+2) . . . .  ~ (u '  Zn+2) 
-- 2Zn+2(x) = /~n+2,n+2~'3n+2tX)   /~n+l,n+2 ~ Sn+l(X) 
tv, G+2) tr,3~+l) 
+~ (u'ZL~) so(x), . > o. 
.... +2 (v, Sb 
By identification with (1.8), we obtain 
2 
( . , z~+2)  _ 2, 
)~n+2,n+2 (V, 32+2) 
2 
(U'Zn+2-~--~) -  2bn+,. . "~ 0 
2.+1,.+2 (v, SL , )  
2 
(U 'Zn+2~) - ~an. 
&°+2 <v, sb 
We have [ 12] 
n+2 n+2 _)A,~A,,_,A,,3~,,_2 _ zjn+l h 
2 = a . . . .  2a.(v, S2), /u,Z~+2/= I-[ ~e,=7,7~ 1-[ ~,= ~Ao 2 A,,_ z A. v=l  v=3 v=3 v=l  
(2.9) 
(2 .1o)  
(2.11) 
(2.12) 
(2.13) 
(2.14) 
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therefore, 
2 
(u'Zn+2) --  }~an, 
2 
(/), $1,+2 / 
<. ,z ; ,+~} _ 2 
2 a., n /> 0 
(v,s~+,} 6,,+, 
<. ,zL2}  _ ;~ 
(v, ST,} `5.+~6.+, a,,. 
From (2.12) we easily lind (2.10) and from (2.14) and (2.15) we obtain (2.11). 
Lemma 2.4. We have 
`5.+1 b.+l = ~n+l ~- ~,+2 - -  b.+2, 
an 
and 
(2.15) 
n ~> 0, (2.16) 
a.(b.+2 - ~n+2)2=(a.+l-  6.+2)(an - `sn+l), n ~ 0. 
Proof. From (1.7) and (2.1 1) we have 
x2Sn+2(Y)= (x -  [?].+3 q- ~bn+2)  Zn+3(x)-~/n+3 (1 - - " ' JZ ,+2(x) ,  n~>0 
an+ 1 / 
and 
(2.17) 
X2S l (X)=(x -  f12 -P-,~l,2)Z2(x)- 72 (1 - }q'l ) Zl(x). 
72 
From (1.13) we have )-/71 =-72/ao, hence 
Then we obtain 
From (1.5) and (1.8) we have 
Z.+2(x ) = (x - ¢n+l + bn+l ) S.+l(x ) + ( a. - `5.+1 ) S.(x ) 
Z.+3(x)  = {(x - ~.+2 + b.+2)(x - ~.+~ ) + (a.+, - ,5.+2)} S,,+,(x) - 6.+~ (x - ~,,+2 + b, ,+2)S.(x) .  
By inversion, we obtain 
H.(x)Sn+t(x) = (anx - ant i .+2  + `sn+lbn+l )Zn+z(X) - Y .+2 (an - `5.+1 )Z.+l(x), n >~ O, 
386 
with 
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Hn(x) = anx 2 -t- (C~n+lbn+l -1- an(bn+2 - ~n+2 --  ~n+l ) )X  
+(an -- 6,,+j )(an+l -- 6,,+2) + (bn+2 - ffn+2)(an+~bn+l - angn+l ). 
By identification with (2.18), we obtain Hn(x)=an x2, hence 
an+l bn+l = fin+2 ~- ~n+l --  bn+2, n /> 0 
an 
and 
) (,.+, ,) 
(bn+2 - ~n+2) bn+l -- ~n+l =(an+, -- 6,,+2) k an ' 
By the two last relations, we easily find (2.17). [] 
Remark. From (1.12), (2.16) and (2.17), we have 
x2Sn+l(X)-~-(X+~n+l-bn+l)Zn+2(x)-Tn+2( 1 6n+l) Zn+l(x) 'an n~O.  (2.19) 
Proof  of Proposition 2.1. Using (1.8) and (1.5), we obtain 
Zn+2(X ) = 1 -- an Sn+z(X) + (x + ~n+2 -- bn+2)Sn+l(x), n >t O. (2.20) 
6n+1/ 3n+l 
After a derivation of (2.20) and multiplying by ~(x)  and using (2.1), we obtain 
~)(x)ZIn+2(X)= { ~ (1 ~l  ) (C,,+2(x) - Co(x)) + ~(X  + ~n+2 - bn+2)L)n+2(x)) Sn+2(x) 
- a'~' )Dn+2(x ) + {-,L+2 (1 a,,< 
an ~ I ~ } 
From (2.19), we can write 
an+ I
-Tn+2(x + ~,+2 - bn+e)Zn+l(x), n >>- O. 
Using (1.12), (2.16) and (2.17) we have 
x2Sn+2(x) = {x 2 - bn+lX - bn+l(~n+2 - bn+2) + an+2 - an+l }Zn+2(X) 
--'~n+2( x -~- ~n+2 --  bn+2)Zn+l(X), n >~ 0 (2.21) 
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and 
with 
and 
X2~(x )Z/7+2(x ) = Yn(x )Zn+2(x ) -- ~/.+2 Yn(x )Zn+I (x ) 
X. (x )  = 
×{ x2 -- gn+l X -- g.+l(~n+2 -- bn+2) -~ 6n+2 -- a.+l} 
+ -6 .+2 1-  a. D , ,+2(x)+~ (x+~.+2-b .+2)  
Y.(x) = ~ 1 - ~ (C.+2(x) - Co(x) )  + 6,~l (X + ~,,+2 - b,,+2)/).+2(x) 
×(x+~, ,+2-b, ,+2)+ -6.+2 I zS.+2(x)+~,-~+,{(x+~o+2-b.+~) 
Writ ing 
X 2 A .. _ u,,+l~ __ bn+l(~,,+2 Un+2A ) + y. __ t~n+2 an+l 
= (x + g,,+, - b,,+j )(x - ~.+, ) - b]+, + ~,,+1 + 3.+2 - a.+,,  
~n 
we obtain 
Y,,,(x) = (x 
+(x - ~.+, )S.+,(x) + 6.+2ZS.+~(x) + ~(x)) 
+½(x - ~,.+, )(S.,+2(x) + S.+~(x)) - ½(x - ~.+, )(S,,+,(x) + So(x)) 
, } -6n+2D.+2(X  ) -~- 5bn+l(Cn+l(X) - Co(x) )  
'(,-°"/ -7 {~ ~n+2/ (Cn+l(X)- to(X)) ~- (~(X-  ~n+l)-~bn÷l) L n+,(x)} 
× gn+l (/. 
(2 .22)  
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From (2.2), we have 
½(~°+2(x) + ~.+,(x) )  = (x - ~.+~)z3.+,(x). 
(~n+2On+2()f) = - -~(g)  + (~n+lOn(x) - (x - ~n+l )Cn+l(x) -'}- (x - ~n+l )2On+l(X)' 
Then we can write 
X. (x )  = (x + ~.+, - b.+~ )( 45(x) + ½(x - ~.+~ + b°+, ) (~.+,(x)  - C0(x)) 
-~(~nn+l (X-~n+l )4 -bn+l )On+l (X) ) (~2n+,  - -  
Writing 
X "~- (n+2 -- b.+= =x - ~.+1 + an+lbn+l, 
an 
we obtain 
a°) 6.+~ (~.+~(x)  - C0(x)) 
6.+1 b.+l +a.+2_a.+l . 
an 
Yo(x) = 
(2.23) 
(2.24) 
an a75+, ( - l (x  - ¢.+,)(eo+2(x)+ e.+,(x))+ (x - ;°+,)e.+,(x)+ a.+2zZ+2(x)+ ~(x)) 
+2(x - ~°+, )(~.+2(x) + ~°+,(x))  - (x - ~.+, )~.+,(x)  + (x - ~.+, 12/3.+,(x) 
-~(x)-6.+zD.+z(X)+6n+2 6"+' (1 a. ) L3.+2(x)} 
an ~Sn+l 
a0(x))+(x } 
an 
Using (2.23), we obtain 
From (2.3) and (2.22), we have 
{X.(x) - ½(C.+2(x) - C0(x))} Z~+e(x) = 7.+2{ Yn(X) -- D.+2(x)}Z.+~(X). 
Z.+z(X) and Z.+l(x) have no common roots, then Z.+2(x) divides Y . (x ) -  D.+2(x), which is a poly- 
nomial of degree at most equal to 5+2.  Then we have necessarily Y.(x)-D.+2(x)= 0 for n >~ 5+ 1, 
and also X.(x) = ½(C.+2(x) - Co(x)), n >>- 5 + 1. 
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Therefore, 
C,+2(x)=2X,,(x) + Co(x) and Dn+z(x)= Yn(x), n ~> :~+ 1. 
From (2.24), (2.25) and (1.28), we obtain the result. [] 
Remark. (1) When v is symmetric, using (2.16) and (2.17), we obtain 
Cn÷2(x) : x2Cn+t(x) + 2(an - 6n÷1 )xL)n(x) + 2(3n+2 - an+l )xDn÷I(X), t'/ ~ S q- 1, 
( ) (2.26) 
On+2(x) =X2bn+l(X) + (an - (~n÷l) On(x) - a,+~ Dn+z(x) • 
an 
C,+l(x) and Dn+l(x), 0 ~< n ~< ~+ 1, are given by (2.4) and Co(x) and Do(x) are given by (1.28). 
(2) When v is symmetric, using (2.16) and (2.17) in (2.22) with (2.24) and (2.25), we easily 
find the result given in [1]: 
2-  l ( 1 X ~P(x)Z;+2(x ) =x  I~(x)  @ ~x(Cn+l(X ) - @ (a. - an+, C0(x)) )/Sn(X) 
-- an+ I )bn+l(X)} Zn+2(X) + (6n+2 
--~'n+2 {X2bn+l(X)-}-(an -- ~n+l) (bn( i ) - -  angl~lbn+2(X))}gn+l(X), n~>O. 
(2.27) 
3. Example 
We study the problem (1.1) with v = j ( -½,  ½). In this case, the form v is not symmetric. For 
examples in the symmetric ase, see [I]. 
This form satisfies (1.3) with 
V(x)= l-Y( l - 177  
where 
1, x>O, 
Y(x)= 0, x~<0. 
Therefore, 
Pf  x 2 
and 
p f*  l -x  
I x~/1  - -  x 2 
__dx=Ip f  / l t  1 -x  
xQ -x2 dx = O, 
dx- -  1. 
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Then, using (1.4), we obtain the following integral representation f u: 
f_~ 1 1 -x  (u , f )  =f(0)+ ((u), - 2)f ' (0) - 2Pf  ~ ~V l +xf (x )dx .  
Form v is a second degree form, it satisfies [3, 14] 
(z + 1 )S2(v)(z) + 2(z + 1 )S(v)(z) + 2 = O. 
It is classical (semi-classical of class g=0) ,  it satisfies (1.15) with 
~(x)=x 2 -  1, CP(x) =-2x-  1. 
Also, it satisfies 
(z 2 - 1 )S ' (v ) (z )  = S(v ) (z )  + 1. 
The sequence {S,},~>0 fulfils (l.5) with 
;0=-½,  ; ,+,--0, 6~+,=¼, n~>0. 
It also fulfils (2.1) with 
C0(x)=l ,  C ,+, (x )=Z(n+l )x ,  / ) , (x )=2n+l ,  n~>0. 
First, we study the regularity of form u. In the sequel, we use the following notations: 
--- (u)l and a = (u)~ + ((U)l - 22) 2. 
Proposition 3.1. For the regularity o f  u, we distinguish the following two cases: 
I .  • a = O. u is regular i f  and only if, 2 ~ i 5z. 
• cr¢ O. u is regular if  and only if, 
1 + 202 
22((0 - 1) 2 + 1) ¢ -n '  n>~0 
where :z = 02, 0 ¢ 1 ± i. 
1 
and 22( (0 -  1)2+1) ¢ -n '  nt>l, 
(3.1) 
(3.2) 
(3.3) 
(3.4) 
(3.5) 
(3.6) 
(3.7) 
1 1 
S2n(0) = ( -  1)n ~'~, S2n+l(O)~-~(--l) n , 22,+ I n~>0. (3.8) 
which give 
So(O)= 1, s , (o )=-  ½. so+: (o )=-  ¼s.(o). n>~O, 
From (1.15) and (3.5), we obtain 
, n~>0.  
A, ~ (~S,,(0) "~1~ - -  Z v_  1 (0 ) )  2 
(~,s~) - ~ + /~,,s 2) 
v=0 
Proof. Recall that u is regular if and only if A ,¢0 ,  n~>0, where A, is given by (1.14). We have 
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I I .  I Form j ( -½,  5) is the co-recursive form of °k' with parameter 3- v= ~k'(-5) [4, 12], where ~ is 
the Tchebychev form of the second kind Jk':= J(½, ½) [5]. Then we have [4, 12] 
v (I) - - - - (q- / ( -½))~') - - - -  ~/<' ) ---- Jk'. (3 .9 )  
Consequently, 
$2, ,(')(0) = U2.(O) ---- ( -  1)" 2 '~'I ~2.+,~(') (0  = U2,,+,(O) = O, n~>O. (3.10) 
where {U,,},,>0 is the monic OPS relative to ~/. and 
,.--22 ., n~>O with 6o=1. (3.11) 
i'-0 
Finally, we obtain 
1 . ~2 
32n=~(A q- q- nO'), 
1 n~>0. (3.12) 
A2,,+, =24-G~+2 (,;~ + (n + 1 )o'), 
Then we distinguish the two following cases: 
• O'=0. 
We obtain ~ = 2(1 + i). The regularity means that we must have ~2 + 2 ~ 0, which gives 2 # + ~i. 
• O'¢0. 
We pose a = 02, 0 # 1 ± i. Then we have O" = 2 , ;~2( (0  - 1 )2 + 1 ). 
A,, # 0, n ~>0, means that we must have 
1 + (0 2 + 2n( (0 -  1)2 + 1) )2#0 
which give 
1 + 202 
74- n ,  n>.O 
22((0 - 1 )z + 1 ) 
and 1+2(n+1) ( (0 - l )2+1)2¢0,  n>~O 
D(q~u) + ~u = 0 
with 
• (x)=x2(x:  - 1), tP (x )=-x2(2x+ 1) 
and 
z4(z + 1)S2(u)(z) + 2z2(z + 1)(z + ~-2)S(u) (z )  + (z + 1)(z + :0(z + :~-22) + 222 =0. 
(3.13) 
(3.14) 
(3.15) 
(3.16) 
Since v is semi-classical nd of the second degree, then according to Proposition 1.3, form u is 
also semi-classical nd of the second degree. It satisfies 
Z2(Z  2 - -  1 )S'(u)(z) =z( -2z  2 + z + 2)S(u)(z)  - z 2 + z + 1 + ~ - 2, 
1 
and C-n ,  n>~l. 
22( (0 -  1)2+1)  
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Concerning the class of u, we have the following result: 
Propos i t ion  3 .2 .  
• I f  Z ¢ ~ + 1, then the class o f  u is s = 2. 
• I f2=~+l ,  then the class o fu  i ss=l .  
Proof. We have tP(0) + 4Y(0) = 0 and {u, 0o7 ~ + 0g~) = - (/2)2 - ~ - 1 = 2 - ~ - 1. Then, using the 
standard criterion (1.18), we obtain the two different cases: 
• If  )o ¢ e + 1, then the class of form u is s = 2. 
• If  2 = ~ + 1, then it is possible to simplify by x. We obtain 
with 
D(qhu) + ~Ulu = 0 
Here, we have 
cb l (x )=x(x  2 - 1); ~gl(x) = -x  2 -x -  1. (3.17) 
~1(0) + ~'1(0)= - 1. Therefore, the class of form u is s = 1. [] 
Now, we give the coefficients of  the second-order recurrence relation satisfied by {Z,},~>0. For 
this, first we calculate the coefficients a, and bn, n>~0, given by (1.9)-(1.11):  
Z + (n + 1 )0- Z ÷ @2 ÷ (/1 ÷ 1 )o" 
a2n = 4(2 + ~2 + no-)' a2n+l  = 4(2 + (n + 1)0-) ' n >/0, 
1 ~2 _ 2)o~ 
b0 - -  2 @' b2n+l = - 2 (2  + (~2 ÷ na) '  bzn+2 = 
Using the above results and (1.12)-(1.13),  we obtain 
2~(22 + ~2) + 2 
- -  - -  - 
2(2 + ~2) 
g2 __ 2Za 
2(2 + (n + 1 )a) '  
(3.18) 
n>~0. (3.19) 
(3.20) 
_ ~2-2Ze{ 1 + 1 } , 
flZn+2 2 Z + ~2 + no" 2 + (n + 1 )0- 
n~>0, 
~2-22~ { 1 1 } 
/~2n+3 - -  ~ 2 + (n + 1 )a + ), + ~2 + (n + 1)0- ' 
(3.21) 
(;, + + (n + 1 
71=-- (Z + :~2 ), 72,+2= 4(2+~2+n0-)2 , n>~O, 
(Z + ~2 + n0-)(Z + ~2 + (n + 1 )0-) (3.22) 
~22n+3= 4(2 + (n + 1 )0") 2 , n ~> 0. 
According to Proposition 2.1, and using (3.13), (2.4)-(2.6),  we give the elements of the structure 
relation of the sequence {Z,},~>0. 
Co(x) = - 2x 3 + x 2 + 2x, Do(x)  = - x 2 + x + 1 + ~ - Z, (3.23) 
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a,, b,, fi,, ;',,~ i
1 1 +22( I  - i )  
a2. = bo - -  flo = 2(1 - i )  
4(1 - 22 i )  2 
1 --  22 i  ). 42(1 -2 i ) (1  --  i )  + 1 
a2,,~l - -  b2,,-i - - -  fll = 
4 1 - 2)d 2(1 - 2).i) 
2) . ( I  - ).i) 
h2,,+_~ - 2 fl,,~2 = ( -  1 )" 
1 - 2)d 
;q =-2(1  22 i )  
I 
72. - 2 --  
4( I -- 22 i )  2 
(I - 22i): 
72.. 3 
4 
Cl(x) = (2:~+ 1 )x 2 -22x-  2~(~- ) -+ I ), 
~(~-22)  ~2( 1 q-:x-)-) 
Dr(x) =x2+ x -  )- + ~2 )- + :~2 
C2(x)  = 2X 3 + 
D2(x)  = 3x  2 
~(~-  2';')x2 - 2:X2(g2  -).z¢+ 22)+)-(~2 +22~ -2).2 )x + 
2 + ~2 (2 + ~2)2 
2~(~-2÷ 1) (2Z-~)  
(2 + ~2)2 
~(4c~ 3 - 122~2 +32(42+ 1 )a -  222(4).+ 3)) 
X- -  (2 + g2)(2 + :~2 + (~ _ 2).)2) 
2(:~ - 22)2(1 + ~ - 2) 
(2 + ~2)(2 + z 2 + (~ - 22):) 
and for n ~> 0, we have 
Cn+3(x ) = 2(n + 2)x 3 - 2b,,+zx  
+{2(3n  + 5)a,,+l - 2(4(n + 2)an< + n + 3)a,,+2 
) - b~+2 ~ x \2~-a,+~ + 4(n + 2) : - 
2n + 5 b3 , l b2 
2a,,+1 n+ +4an+ I , ,+z+2(n+3- (2n+3)a , ,+ l - (2n+5)a , ,+2)b , ,~2 
(3.24) 
(3.25) 
-4an+lb]+3, (3.26) 
~n+3 } 
D,,+3(x) = (2n + 5)x 2 + / 2-~a,,~ + 2(n + 2) b,,+2x 
( ~ )  1 ( 14a7,+, ) 1 , +(2n + 3) a,,+, - + ~(2n + 7) 1 + ~(2n  + 5)b7,+2. 
It is interesting to give a detailed study of the two different cases a = 0 and a ¢ 0. (In the following 
tables, we consider n >~ 0.) 
I. The case a = 0: 
( l )  For :~ = (1 -02 ,  we have the results as shown in Table 1. 
(2) For :~=(1 + 02, we have the results as shown in Table 2. 
In the above two cases, it can be interesting by the case fi,,+2 = 0, n/> 0, then we obtain, respec- 
tively, )- =-  i and 2 = i. We obtain the following results as shown in Table 3. 
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Table 2 
a,, b,, /3. 7.+t 
1 1+2)~(1+i)  
a2. = bo - flo = 2(1 + i) 71 = - )~(1 + 22 0 
4(1 + 2)d) 2 
1 +2)d  )o 42(1+)d) (1  + i )+1 1 
a2n+l = ~" -~ b2n+l -  1 + 22~t" /31 =-  2(1 + 2~.i) 72n+2 = 4(1 + 2)d) 2 
1) .22(1 +)d)  (1 +2202 
b2n+2 = - ,~ /3n+2 = ~,--" ]" ~.]" ~}~/. ~'2n+3 = 4 
Table 3 
a. b,~ /3. 7.,+ 1 
~=-- i - -  1 
)~=i 
o~=i -  1 
t bo=(2 i+1) /2  f lo=- ( l  + i )  71=- i  an=--~ 
I I b.+l = i 131 = - ~ "/~+2 = 
/3.+2 = 0 
a,, = - al bo =(1  - 2 i ) /2  /30 = i -  1 71 = i  
1 1 
b.+l = - i fll = 5 7.+2 = 7~ 
/3.+2 = 0 
Table 4 
C.(x)  D . (x )  
2=- i  Co(x )=-2x  2+x+2 Do(x)=-x  + l 
= - i  - 1 C l (x )=-  (1 + 2i)x + 2i D .+ l (x )=(2n  + 1)x - 2i 
C.+2(x)=2(n + 1)x 2 - 2ix 
)~ = i Co(x) = - 2x 2 + x + 2 Do(x) = -x  + 1 
~t = i - 1 Cf fx)  = (2i - l )x - 2i D.+ffx)  = (2n + 1 )x + 2i 
C.+2(x) = 2(n + 1 )x 2 + 2ix 
Therefore, in the first case, we obtain the one-order perturbed form [12, p. 105] of  ~:  u = ~/ 
and v =-4 i .  Also, u is the one-order perturbed form of  v: (#0; ~',,, 1), with #0=-1- i ,  P=-5  
• 1 ~ and v =-4 i .  Similarly, in the second case, we obtain u=v(#0;  "',,, 1), with #o =- l -5 ,  #=-5  
1 u = 4/(#0; "1,., ), with /~o = I - i ,  /~ =5 and v = 4i. Also, u is the one-order perturbed form of v: 
1 and v = 4i. u = V(#o; "',,, 1 ), with /~o = i - ½, /~ = 5 
Notice that in these cases, the condition for simplifying in Proposition 3.2, is satisfied. Then the 
sequence {Zn},>~0 satisfies (2.3), with ~(x)=x(x  2 - 1) and C,, D,, n~>0 as given in Table 4. 
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a .  b .  ft. 7,,+~ 
n+l+r__  bo - q - P flo - q - r - p _ q (1 -2p)  
az,, 4(n + r/) z 2r  )'l 47:2 
n+ l +q p (q+ z )p - r l  2 (n+ l + z ) (n+ z) 
a2n+l = b2n+l -- - -  fll -- ~'2n+2 =
4(n + I + 7:) 2(n + q) 2r/7: 4(n  + q)2 
b2.+2 -- P ]~2n+2 = p(2n + q q- 17 q- ] ) ~'2n+3 = (n + 1 + q)(n + q) 
2(n+l+r )  2 (n+q) (n+l  +r )  4 (n+l  +r )  2 
/~2,,+3 = p(2n + q + 7: + 2)  
2 (n+l+q) (n+l+r )  
II. The case o-#0: In this case, for simplifying the notations, we use these following new 
parameters: 
,~. Z @2 
"c=- ,  r /=-  + - - .  
O" G o" 
(3.27) 
We obtain 
2-  1 -2p  q - r -p  , ~ - , (3.28) 
4v 2v 
1 - 2p 
rr - - -  (3.29) 
432 
with 
p = x / ( .  - 0 (1  - + (3.30) 
Therefore, the regularity conditions become q :#-  n and z #-n ,  n E N, and the condition o-# 0 
I becomes q - r # 3" 
Consequently, we obtain the results as shown in Table 5. 
As is the first case, it is interesting by the particular case where //n+2 = 0, n/>0. Therefore, we 
have p = 0 (i.e. r /= ~ or r /= r + 1 ). Then using Table 5, we obtain the results shown in Table 6. 
In Table 7, we give Cn and D,, n ~> 0, corresponding to the above cases. 
In the first case of  Table 6, if we take z -  ½, we obtain 
/~0 =0,  191 =-  ½, /~,+2 =0,  n~>0, (3.31) 
1 2n  + 3 2n  + 1 
71 = - -  2 '  '~/2n+2 -- 4(2n + 1)' '~2n+3 -- 4(2n + 3)' n~>O. (3.32) 
In fact, this form is the one-order perturbed form of 3 -1"  u=J - -~  0; 3;1 , where g is the 
Ychebychev form of the first kind ~- := J ( -½, -½)  and ~---l is its inverse [2, 9]. 
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Table 6 
a,, b,, fl,, 7,,+ I
n4 .  1 4 .z  
11 = "C a2,, = 4(n + r~- bo = 1 
I I bn+ 1 ~-  0 ( :~=0 and 2= T~) a2.-i -- 
14 .z  
q = r + 1 a2,, ~ bo - 
r 
I I _ n+2+r  
(~=~ and2=~)  ae,,+l 4(n4 .1  +r )  b, ,+l=O 
1 
rio = 0 7, = - 4--r 
t n+l+r  
[h = - 5 }'2,,*2 4(n Jr r) 
n4, z 
fi,,+2 = 0 72,,+3 -- 4(n + 1 4. r) 
I l+t  
rio = 2~ 3'1 4r 2 
14 . r  n4. r  
f i l  - -  2 72n+2 - -  4 (n  + 1 4- r )  
fin+2 ~ 0 
Table 7 
C,,(x) D,(x) 
11 = r G)(x)=--2X 3 4"x 2 4" 2X 
1 
CL(x) =x 2 - ~x  
4n4.  1 
C2,,+2(x)=2(2n + 1)x 3 + ~ x  
Cz,, ~(x)  = 4(n + 1 )x 3 4n + 5 k x 
2(n+ 1 +r )  
n4 .24 ,  r 
72,,~3 - 4(n + 1 + r) 
q=r4 ,  1 Co(x) = - 2x 3 + y2 4- 2x 
z+l  ~ 1 4r+ l  
Ct (x )= x- - r ~ZZ x 4r 2 
C2ut2(x) = 2(2n + 1 )x 3 4n + 3 x 
2 (n+ 1 4" '0 
C2,+3(x)=4(n4. l )x 3 4. 4n+3 x 
2(n + 1 + r)  
4r - 1 
Do(x )=-x  2 +x  + - -  
4r  
J2,,+l(x) = (4n + 1 )x 2 
D2,,+2(x) = (4n + 3)x2+ I - 4r 
4 (n+r) (n+l  +r )  
D0(x)=-x  2+x+4z '+ l  
4r 
Dz,,+I(X) = (4n + 1 )x 2 4r + 1 
4(n + z)(n + 1 + r) 
D2,,+2(x) = (4n + 3)x 2 
Let  us  note  that  the  inverse  u -  
fo rms is g iven  by  [11]  
(uv, f )  :=  (u , (v f ) (x ) )  = u, v, ~ 
Remark .  The  Jacob i  fo rm v = j ( _ l ,  ½) sa t i s f ies  
(x+l )v=½4/  and  v=- (x -  1) f t .  
o f  u is de f ined  by  u-~u = uu-~ = 6, and the  product  uv of  two  
(3 .33)  
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Therefore, relation (1.1) becomes 
x2(x + 1)u = - ½2~/ (3.34) 
or  
x2u = 2(x - 1 ) J .  (3.35) 
Then, the problem (1.1) is equivalent to each of the two following problems: 
(1) find all regular forms u which satisfy (3.34). 
(2) find all regular forms u which satisfy (3.35). 
4. Second-order differential equation 
It is well known that a semi-classical OPS fulfils a second-order differential equation [12]. For 
the sequence {Z,},~>0, we have 
n~>0 (4.1) J(x; n " )Z',+ i(x) + K(x; n)Z~+ 1(x) + L(x; n)Z,+ 1 (x) -- O, 
with 
J (x;n)=~(x)D,+l(x) ,  n>.O, 
K(x;n)=Co(x)Dn+l(x) -  W(q~,Dn+l)(x), n>.O, 
n 
L(x; n) = W( l ~(C,+I - Co),D,+, )(x) - D,+l(x) ~-~ Dv(x), 
V = 0 
n~>0. 
(4.2) 
n~>0. 
(4.3) 
• ~=i -  1, 2=i .  
J (x ;n )=x(x  2 -  1) ( (2n+l )x+2i ) ,  n~>0, 
K(x;n) - - (2n + l + 2i)x2 + 2(2n + l + i)x + 2i, n>~0, 
L(x ;n )=-n(n+l ) (2n+l )x  2- (2n+l+2(3n  2+3n+ 1) i )x+2n+l - i ,  n~>0. 
(4.4) 
J (x ;n )=x(x  2 - 1)((2n + 1)x - 2i), n~>0, 
K(x ;n )=(2n+l -2 i )x2+2(2n+l - i )x -2 i ,  n>~O, 
L(x; n) = - n(n + 1 )(2n + 1 )X 2 -~ (2(3n 2 + 3n + 1 )i -- 2n -- 1 )x + 2n + 1 + i, 
W(f ,g )  designs the Wronskian of f and g. 
In this section, we give the elements of the differential equation corresponding to the simple cases 
of Tables 4 and 7. Easily, we obtain 
• ~=- i -  1, 2=- i .  
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• ~=0,  )~=l /4z .  
J(x;2n)=(4n + l ) x2(x  2 - 1),  n>~O, 
{ 1 -4Z  } 
J ( x ;2n+l )=(x2-1)  (4n+3)x2+ 4(n+~)~nT l+z)  , n>~0, 
K(x;2n)=(4n+ l)x(x + 2), n>~0, 
( 1 - 4z)(2x ÷ 1 ) 
K(x ;2n+l )=(4n+3)x(x+2)+ 4(n+z)(n+ l+z) '  n>-O, 
L(x;2n) : -2n(2n+ 1)(4n÷ 1)x z - (4n÷l ) -2 (4n÷ 1), n>~0, 
L(x; 2n ÷ 1 ) : - 2(n+l )(2n÷l )(4n+3)xZ-(4n ÷ 3)x 
(2n(n ÷ 1) ÷ (4n ÷ 3)z)(1 - 4z) 
-t , n~>0.  
2(n + z)(n + 1 + z) 
• ~ = 1/2z, )~ : 1/4~. 
{ 4z+l  } 
J (x;2n):(x 2 -  1) (4n+ 1)x 2 -  4(n+z)(n+ 1 +z) ' n>~O, 
J(x;2n+ l ) : (4n+ 3)x2(x 2 -  1), n~>0, 
(2x + 1 )(4z + 1 ) 
K(x ;2n) : (4n+l )x (x+2) -4 (n+z) (n+l+z) ,  n~>0, 
K(x ;2n+l ) : (4n+3)x(x+2) ,  n>~O, 
L(x; 2n) : - 2n(2n + 1 )(4n + 1 )x 2 - (4n + 1 )x 
(2n(n + 1 ) ÷ (4n + 1 )z)(4z ÷ 1 ) 
- n~>0,  
2(n+z) (n÷l+z)  
L(x;2n + 1) : -2 (n  + 1)(2n + 1)(4n ÷ 3)x 2 - (4n + 3)x - 2(4n ÷ 3), n~>0. 
(4.5) 
(4.6) 
References  
[1] J. Alaya, P. Maroni, Semi-classical nd Laguerre-Hahn forms defined by pseudo-functions, Meth. Appl. Anal. 3 (1) 
(1996) 12-30. 
[2] D. Beghdadi, Sur quelques formes du second degr6 et leurs inverses, Th+se de l'Universit6 P. et M. Curie, Paris, 
1995. 
[3] D. Beghdadi, P. Maroni, Second degree classical forms, Indag. Math., to appear. 
[4] T.S. Chihara, On co-recursive orthogonal polynomials, Prog. Am. Math. Soc. 8 (1957) 899-905. 
[5] T.S. Chihara, An Introduction to Orthogonal Polynomials, Gordon and Breach, New York, 1978. 
[6] E.B. Christoffel, Uber die Gaussiche quadratur und eine Verallgemeinerung derselben, J. f'tir Reine und Angew. Math. 
55 (1858) 61-82. 
[7] D. Dickinson, On quasi-orthogonal polynomials, Proc. Am. Math. Soc. 12 (1961) 185-194. 
[8] J. Dini, P. Maroni, Sur la Multiplication D'une Forme Semi-classique Par un polyn6me, Publ. Sin. Math. Univ. 
d'Antananarivo, vol. 3, 1989. 
[9] F. Hamel, Contribution fi l'6tude des formes inverses des co-recursives des formes de Tchebychev, Th+se de l'Univ. 
P. et M. Curie, Paris, 1996. 
D. Beyhdadi, P. Maroni/Journal of Computational and Applied Mathematics 88 (1997) 377-399 399 
[10] P. Maroni, Une caract6risation des polyn6mes orthogonaux semi-classiques, C.R. Acad. Sci. Paris 301 s6r. 1 (6) 
(1985) 269-272. 
[11] P. Maroni, Le calcul des formes lin6aires et les polyn6mes orthogonaux semi-classiques, in: M. Alfaro et al. (Eds.), 
Orthogonal Polynomials and their Applications, Lecture Notes in Mathematics, vol. 1329, Springer, Berlin, 1988, 
pp. 279-290. 
[12] P. Maroni, Une th6orie alg6brique des polyn6mes orthogonaux, application aux polyn6mes orthogonaux semi- 
classiques, in: C. Brezinski et al. (Eds.), Orthogonal Polynomials and their Applications, IMACS, Ann. Comput. 
Appl. Math., vol. 9, Baltzer, Basel, 1991, pp. 95-130. 
[13] P. Maroni, Variations around classical orthogonal polynomials. Connected problems, in: 7th Symp. on Sobre 
Po!inomios Ortogonales y Applicaciones, Proc., Granada, 1991; J. Comput. Appl. Math. 48 (1993) 133-155. 
[14] P. Maroni, An introduction to second degree forms, Adv. Comput. Math. 3 (1995) 59-88. 
[15] P. Maroni, Tchebychev forms and their perturbed as second degree forms, Ann. Numer. Math. 2 (1995) 123-143. 
[16] P. Maroni, On a regular form defined by a pseudo-function, Numer. Algorithms 11 (1996) 243-254. 
[17] G. Sansigre, G. Valent, A large family of semi-classical polynomials: the perturbed Tchebychev, J. Comput. Appl. 
Math. 57 (1995) 271 281. 
